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Abstrat
A detailed analysis of neessary onditions on a family of many-body potentials,
whih ensure stability, superstability or strong superstability of a statistial system is
given in present work.There has been given also an example of superstable many-body
interation.
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1 Introdution
During last 30 years dierent suient onditions and restritions on 2-body potential,
whih imply superstable or strong superstable interation have been studied(see [8℄ for
survey of the results). It is obvious, that the researh of systems with respet to many-
body interation requires the same onditions on potential energy of interation of any nite
quantity of partiles to be fullled. In aordane with this fat, one has a similar problem
to desribe the neessary onditions on a sequene of p-body (p ≥ 3) potentials, whih
ensure stability, superstability or strong superstability of an innite statistial system. We
have to mention, that suh onditions(whih ensure an existene of orellation funtion in
the thermodynami limit) have been written in rather abstrat form in the works [2℄, [3℄
and more impliitly in the works [4℄, [5℄, [6℄, [7℄, [10℄, [11℄. There is another interesting
work in this eld(see [1℄ ), in whih authors onsider a nite sequene of nite range
many-body potentials, one of whih is stabilizing, and ensures stability of a whole system.
In the present paper we onsider an innite system of nite range many-body potentials
taking into aount the traditional onept, i.e. in some sense p-body potential plays less
important role in the total energy of interation than p−1-one. Eah of p-body potentials
an be both positive or negative and it depends on the onguration of partiles. The
onditions on a sequene of p-body (p > 2) potentials, whih ensure stability, superstability
or strong superstability of a system, if suh a behavior is enabled by 2-body(pair) potential
of interation are formulated in this artile. In the next setion we give neessary denitions
and formulate main result. In setion 4 we give an example of many-body interation, whih
yields above mentioned onditions
2 Denitions and main result
Let R
d
be a d-dimensional Eulidean spae. Following [9℄ for eah r ∈ Zd and λ ∈ R+ we
dene an elementary ube with a rib λ and enter r:
∆λ(r) =
{
x ∈ Rd | λ
(
ri − 1/2
)
≤ xi < λ
(
ri + 1/2
)}
(2.1)
We will sometimes write ∆ instead of ∆λ(r), if a ube ∆ is onsidered to be arbitrary and
there is no reason to emphasize that it is entered in the partiular point r ∈ Zd. We denote
by ∆λ the orresponding partition of R
d
into ubes ∆. Let us onsider a general type of
many-body interation speied by a family of p-body potentials Vp :
(
R
d
)p
→ R, p ≥ 2
and dene also positive and negative parts of interation potential:
V +p (x1, . . . , xp) := max {0; Vp (x1, . . . , xp)} ,
V −p (x1, . . . , xp) := min {0; Vp (x1, . . . , xp)}
We assume for the family of potentials V := {Vp}p≥2 the following onditions:
A1. Symmetry. For any p ≥ 2, any (x1, . . . , xp) ∈
(
R
d
)p
and any permutation pi of
the numbers {1, . . . , p}:
Vp (x1, . . . , xp) = Vp
(
xpi(1), . . . , xpi(p)
)
.
A2. Translation invariane. For any p ≥ 2, any (x1, . . . , xp) ∈
(
R
d
)p
and a ∈ Rd:
Vp (x1, . . . , xp) = Vp (x1 + a, . . . , xp + a) .
A3. Repulsion for small distanes. There exists a partition of R
d
into ubes ∆λ
(see (2.1)) suh that for any (x1, . . . , xp) ⊂ ∆, p ≥ 2: Vp (x1, . . . , xp) ≥ 0.
A4. Integrability.
sup
{x1,...,xk}∈(Rd)k
∫
(Rd)
p−k
∣∣V −p (x1, . . . , xp)∣∣ dxk+1 · . . . · dxp < +∞ , 1 ≤ k ≤ p− 1. (2.2)
Under assumptions A1-A4 we introdue the energy U (γ) : Γ0 → R ∪ {+∞}, whih
orresponds to the family of potentials Vp :
(
R
d
)p
→ R, p ≥ 2 and whih is dened by:
U(γ) =
∑
p≥2
∑
{x1,...,xp}⊂γ
Vp(x1, . . . , xp) , γ ∈ Γ0, |γ| ≥ 2, (2.3)
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where Γ0 is the spae of nite ongurations
Γ0 =
∐
n∈N0
Γ(n) , Γ(n) :=
{
γ ⊂ Rd | |γ| = n
}
, N0 = N ∪ {0}, Γ
(0) = ∅. (2.4)
Let's onsider also the part of a total energy, dened only by p-body potential:
U (p)(γ) =
∑
{x1,...,xp}⊂γ
Vp(x1, . . . , xp), γ ∈ Γ0, |γ| ≥ 2. (2.5)
We introdue 3 kinds of interations, dened by the family of potentials V := {Vp}p≥2.
Denition 1. Interation, dened by the family of potentials V := {Vp}p≥2 is alled:
a) stable, if there exists B>0 suh that:
U(γ) ≥ −B|γ|, for any γ ∈ Γ0; (2.6)
b) superstable, if there exist A > 0, B ≥ 0 and partition into ubes ∆λ suh that:
U(γ) ≥ A
∑
∆∈∆λ
|γ∆|
2 −B|γ|, for any γ ∈ Γ0; (2.7)
) strong superstable, if there exist A > 0, B ≥ 0, m > 2 and partition into ubes ∆λ suh
that:
U(γ) ≥ A
∑
∆∈∆λ
|γ∆|
m − B|γ|, for any γ ∈ Γ0. (2.8)
In the above onditions onstants A,B an depend on ∆λ and onsequently on λ. In
our future estimates we will use several notations, whih we introdue below.
Denition 2. Let ∆, ∆i ∈ ∆λ; n,m, ki, k ∈ N, k1 + · · ·+ kn = p, p ≥ 2. Then:
a) Ik1,...,knp (∆1, . . . ,∆n) := supn
x
(1)
1 ,...,x
(1)
k1
o
⊂∆1,...,
n
x
(n)
1 ,...,x
(n)
kn
o
⊂∆n
∣∣∣V −p (x(1)1 , . . . , x(n)kn )∣∣∣ , (2.9)
b) Ik|mp (∆) :=
∑
(∆1,...,∆m)⊂∆λ
Ik,
m︷ ︸︸ ︷
1, . . . , 1
p (∆,∆1, . . . ,∆m), k +m = p. (2.10)
The sum in (2.10) means independent sums w.r.t. every ∆i, i = 1, m.
Denition 3. Under the onditions of the def. 2 let ∆i 6= ∆j , if i 6= j,
∆i 6= ∆, 1 ≤ i ≤ m. This means that all ubes are dierent. Then:
Ik|{k1,...,km}p (∆) :=
∑
{∆1,...,∆m}⊂∆λ
′∑
pi∈Pm
I
k, kpi(1),...,kpi(m)
p (∆,∆1, . . . ,∆m), (2.11)
where Pm is a set of all permutations of numbers {1,. . . ,m}, but the sum
∑′
pi∈Pm
takes into
aount only dierent permutations of numbers {k1, . . . , km} (for example if ki = kj for
some i, j, permutation of numbers ki, kj is onsidered only one).
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There are three useful remarks and two lemmas, whih are losely onneted with
sums (2.10), (2.11)
Remark 1. From the above denitions the following inequality holds:
Ik|{k1,...,ki,...,km}p (∆) = I
ki|{k1,...,k,...,km}
p (∆).
Remark 2. If λ→ 0:
λmdIk|mp (∆) → sup
{x1,··· ,xk}⊂∆
∫
Rm
∣∣V −p (x1, . . . , xk, xk+1 . . . , xk+m)∣∣ dxk+1 · . . . · dxk+m. (2.12)
It allows us to write an estimate for the value of I
k|m
p (∆).
Remark 3. Due to the assumption A2 value of I
k|m
p (∆) does not depend on the position
of ubes ∆, so we an put
Ik|mp (∆) = I
k|m
p . (2.13)
Lemma 1. For any p ≥ 2 the following inequality holds:
p∑
j=2
∑
kl≥1, 1≤l≤j,
k1+···+kj=p,
k1≤...≤kj
Ik1 | {k2,...,kj}p (∆) ≤ I
1 | p−1
p (∆). (2.14)
Proof. Using the denition (2.10) we an rewrite I
1 | p−1
p (∆) in the following form:
I1 | p−1p (∆) =
∑
(∆2,...,∆p)⊂∆λ
I
p︷ ︸︸ ︷
1, . . . , 1
p (∆,∆2, . . . ,∆p) (2.15)
The sum in the r.h.s of (2.15) an be rewritten in the form of sums over sets of noninter-
seting ubes {∆2, . . . ,∆j}, j = 2, p, whih belong to the area ∆λ \ {∆}. Then, negleting
some ombinatori oeients, whih are greater then unity and as Ipp (∆) ≡ 0 for su-
iently small λ (see A3 and Eq. (2.9)), equation (2.15) an be represented in the form of
inequality:
I1 | p−1p (∆) ≥
p∑
j=2
∑
kl≥1, 1≤l≤j,
k1+···+kj=p,
k1≤...≤kj
∑
{∆2,...,∆j}⊂∆λ\{∆}
′∑
pi∈Pj
I
kpi(1),...,kpi(j)
p (∆,∆2, . . . ,∆j) (2.16)
Let us take into aount the following obvious estimate:
′∑
pi∈Pj
I
kpi(1),...,kpi(j)
p (∆,∆2, . . . ,∆j) ≥
′∑
pi∈Pj\{1}
I
k1,kpi(2)...,kpi(j)
p (∆,∆2, . . . ,∆j), (2.17)
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where Pj\{1} is a set of all permutations of numbers {2, . . . , j}. Using (2.11), (2.16), (2.17),
we obtain nally:
I1 | p−1p (∆) ≥
p∑
j=2
∑
kl≥1, 1≤l≤j,
k1+···+kj=p,
k1≤...≤kj
Ik1 | {k2,...,kj}p (∆).

Lemma 2. For any p ≥ 2 the following inequality holds:
∑
{∆1,...,∆j}⊂∆λ,
|γ∆r |≥1, 1≤r≤j
′∑
pi∈Pj
I
kpi(1),...,kpi(j)
p (∆1, . . . ,∆j)
j∑
i=1
|γ∆i|
p ≤ j
∑
∆∈∆λ,
|γ∆|≥1
|γ∆|
pIk1|{k2,...,kj}p (∆). (2.18)
Proof. From the def. 3 (see (2.11)) and taking into aount, that if we split the rst sum
in (2.18) into j independent sums over ∆i ∈ ∆λ, i = 1, j; ∆l 6= ∆k, if l 6= k the number of
terms inreases in j! times, so
L :=
∑
{∆1,...,∆j}⊂∆λ,
|γ∆r |≥1, 1≤r≤j
′∑
pi∈Pj
I
kpi(1),...,kpi(j)
p (∆1, . . . ,∆j)
j∑
i=1
|γ∆i|
p =
=
1
j!
∑
∆1∈∆λ,...,∆j∈∆λ
∆l 6=∆k, l 6=k
′∑
pi∈Pj
I
kpi(1),...,kpi(j)
p (∆1, . . . ,∆j)
j∑
i=1
|γ∆i|
p. (2.19)
For any {∆1, . . . ,∆j} ⊂ ∆λ the following estimate is true:
′∑
pi∈Pj
I
kpi(1),...,kpi(j)
p (∆1, . . . ,∆j) ≤
j∑
t=1
′∑
pi∈Pj\{t}
I
kt,kpi(2),...,kpi(j)
p (∆1, . . . ,∆j). (2.20)
We obtain from (2.19), (2.20):
L ≤
1
j!
j∑
r=1
∑
∆r∈∆λ
∑
∆1,...,∆r−1∈∆λ,
∆r+1,...,∆j∈∆λ,
∆l 6=∆k, l 6=k
j∑
t=1
′∑
pi∈Pj\{t}
I
kt,kpi(2),...,kpi(j)
p (∆1, . . . ,∆j)|γ∆r |
p. (2.21)
As the number of sets {∆1, . . . ,∆r−1,∆r+1, . . . ,∆j} ⊂ ∆λ in the third group of sums in
(2.21) is (j − 1)! and taking into aount the def. 3 (see(2.11)) one an rewrite (2.21) in
the following way:
L ≤
1
j
j∑
r=1
∑
∆r∈∆λ
j∑
t=1
Ikt|{k1,...,kt−1,kt+1,...,kj}p (∆r) |γ∆r |
p. (2.22)
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We dedue nally from the remarks 1,3 and (2.22):
L ≤ j
∑
∆∈∆λ,
|γ∆|≥1
|γ∆|
pIk1|{k2,...,kj}p (∆).

We give the following denition for the positive part of interation potential:
V pp (∆) := inf
{x1,...,xp}⊂∆
V +p (x1, . . . , xp) (2.23)
The main result of the artile is in the following theorem:
Theorem 2.1. Let the family of p-body potentials Vp :
(
R
d
)p
→ R, p ≥ 2 satisfy
assumptions A1-A4. Let also the part of interation U (2)(γ) be stable (superstable, strong
superstable). If there exists suh partition of R
d
into ubes ∆λ, that for eah p > 2
the following holds:
1)
V pp (∆)
pp
− p I1|p−1p (∆) ≥ 0; (2.24)
2)
∑
p>2
pp+1I1|p−1p (∆) < +∞. (2.25)
then interation, orresponding to this family of potentials, is also stable (superstable, strong
superstable).
3 Proof of Theorem 2.1
Proof. Let onditions of the theorem (2.1) hold and γ ∈ Γ0. We an write U
(p)(γ) in the
following form:
U (p)(γ) =
∑
∆∈∆λ,
|γ∆|≥p
∑
{x1,...,xp}⊂γ∆
Vp(x1, . . . , xp)+
+
p∑
j=2
∑
kl≥1, 1≤l≤j,
k1+···+kj=p,
k1≤...≤kj
∑
{∆1,...,∆j}⊂∆λ,
|γ∆r |≥1, 1≤r≤j
′∑
pi: k
pi(n)
≤|γ∆n |,
1≤n≤j
× (3.1)
×
∑
{x
(1)
1 ,...,x
(1)
kpi(1)
}⊂γ∆1 ,...,{x
(j)
1 ,...,x
(j)
kpi(j)
}⊂γ∆j
Vp(x
(1)
1 , . . . , x
(j)
kpi(j)
).
The rst part of (3.1) inludes the interation of partiles within every arbitrary ube
∆, the seond one does the same with partiles, whih are situated in dierent ubes
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of ∆λ with |γ∆| ≥ 1. The 4-th group of sums in the seond term of (3.1) is the sum
over all dierent permutations (see def. 3) pi : (k1, . . . , kj) → (kpi(1), . . . , kpi(j)) and all
values k1, . . . , kj(k1 ≤ . . . ≤ kj), kl ≥ 1, l = 1, j, k1 + · · · + kj = p with the restritions
1 ≤ kpi(n) ≤ |γ∆n|, n = 1, j. Let us explain this notation by simple example. Let the number
of ubes, where there are partiles for 7-potential be j = 4. The set of ki is (1, 2, 2, 2).We
onsider a set of ubes {∆1, . . . ,∆4} suh that |γ∆1| = 1, |γ∆2| = 3, |γ∆3| = 2, |γ∆4| = 6.
As a result, all permutations pi suh that pi(1) = 2, pi(1) = 3, pi(1) = 4 are not allowed, i.e.
k2 = k3 = k4 = 2 > |γ∆1|. Using denitions (2.23) and (2.9) we an estimate (3.1) in the
following way:
U (p)(γ) ≥
∑
∆∈∆λ,
|γ∆|≥p
V pp (∆)C
p
|γ∆|
−
p∑
j=2
∑
kl≥1, 1≤l≤j,
k1+···+kj=p,
k1≤...≤kj
∑
{∆1,...,∆j}⊂∆λ,
|γ∆r |≥1, 1≤r≤j
′∑
pi: k
pi(n)
≤|γ∆n |,
1≤n≤j
× (3.2)
×
(
j∏
m=1
C
kpi(m)
|γ∆m |
)
· I
kpi(1),...,kpi(j)
p (∆1, . . . ,∆j),
where Ckn =
n!
(n−k)!k!
. Using inequalities: ∀n ≥ k ≥ 1, n
k
kk
≤ Ckn ≤
nk
k!
, we obtain:
U (p)(γ) ≥
∑
∆∈∆λ,
|γ∆|≥p
V pp (∆)
pp
|γ∆|
p −
p∑
j=2
∑
kl≥1, 1≤l≤j,
k1+···+kj=p,
k1≤...≤kj
∑
{∆1,...,∆j}⊂∆λ,
|γ∆r |≥1, 1≤r≤j
× (3.3)
×
′∑
pi: k
pi(n)
≤|γ∆n |,
1≤n≤j
I
kpi(1),...,kpi(j)
p (∆1, . . . ,∆j)
j∏
m=1
|γ∆m|
kpi(m)
kpi(m)!
.
Let us onsider the following inequality (see Appendix for the proof ):
j∏
i=1
amii ≤
1
m1 + · · ·+mj
j∑
i=1
mi a
m1+···+mj
i ≤
j∑
i=1
a
m1+···+mj
i , (3.4)
where a1, . . . , aj ∈ R+;m1, . . . , mj ∈ N. Using (3.4), we obtain:
U (p)(γ) ≥
∑
∆∈∆λ,
|γ∆|≥p
V pp (∆)
pp
|γ∆|
p −
p∑
j=2
∑
kl≥1, 1≤l≤j,
k1+···+kj=p,
k1≤...≤kj
∑
{∆1,...,∆j}⊂∆λ,
|γ∆r |≥1, 1≤r≤j
× (3.5)
×
j∏
m=1
1
km!
′∑
pi: k
pi(n)
≤|γ∆n |,
1≤n≤j
I
kpi(1),...,kpi(j)
p (∆1, . . . ,∆j)
j∑
i=1
|γ∆i|
p.
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Taking into aount, that the sum w.r.t. pi dened in (3.1) ontains less number of terms,
the the same one in (2.11), as it does not have the restritions kpi(n) ≤ |γ∆n|, n = 1, j and
using lemma 2, that is inequality (2.18), we obtain:
U (p)(γ) ≥
∑
∆∈∆λ,
|γ∆|≥p
V pp (∆)
pp
|γ∆|
p −
p∑
j=2
j
B(p; j)
∑
∆∈∆λ,
|γ∆|≥1
|γ∆|
p
∑
kl≥1, 1≤l≤j,
k1+···+kj=p,
k1≤...≤kj
Ik1|{k2,...,kj}p (∆), (3.6)
where
B(p; j) = inf
kpi(t)≥1, 1≤t≤p,
kpi(1)+···+kpi(j)=p
(kpi(1)! · . . . · kpi(j)!)
Sine max
j
B(p;j)
= p, 2 ≤ j ≤ p and taking into aount denitions 2, 3 and lemma 1, we
dedue, that:
U (p)(γ) ≥
∑
∆∈∆λ,
|γ∆|≥p
V pp (∆)
pp
|γ∆|
p − p I1|p−1p
∑
∆⊂∆λ,
|γ∆|≥1
|γ∆|
p. (3.7)
Quantity of ubes with |γ∆| = k is not more than
|γ|
k
. Due to this, the following estimate
holds: ∑
∆∈∆λ,
|γ∆|≥1
|γ∆|
p =
∑
∆∈∆λ,
|γ∆|≥p
|γ∆|
p +
p−1∑
k=1
∑
∆∈∆λ,
|γ∆|=k
|γ∆|
p ≤ (3.8)
≤
∑
∆∈∆λ,
|γ∆|≥p
|γ∆|
p +
p−1∑
k=1
kp−1|γ|.
Using (3.7) and (3.8), we obtain the nal estimate of U (p)(γ):
U (p)(γ) ≥
∑
∆∈∆λ,
|γ∆|≥p
|γ∆|
p
(
V pp (∆)
pp
− pI1|p−1p
)
− pI1|p−1p
p−1∑
k=1
kp−1|γ|. (3.9)
Let us take into aount the following obvious estimate:
∑
p>2
p I1|p−1p
p−1∑
k=1
kp−1 <
∑
p>2
pp+1 I1|p−1p . (3.10)
The ondition of stability (superstability, strong superstability) (2.24) - (2.25) follows di-
retly from the last estimates (3.9), (3.10) with
B = B2 +
∑
p>2
pp+1 I1|p−1p , (3.11)
where B2 is taken from the ondition of superstability(strong superstability)of 2-body part
of interation.
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4 Example of many-body interation
First onsider one-dimensional ase (d = 1).
Example 1. Let V be a many-body interation, speied by a family of p-body potentials
Vp :
(
R
d
)p
→ R, p ≥ 2:
Vp(x1, . . . , xp) =
Ap( ∑
1≤i<j≤p
|xi − xj |
)m(p) − Bp( ∑
1≤i<j≤p
|xi − xj |
)n(p) , (4.1)
Ap > 0, Bp > 0; m(p) > n(p), n(p) > p− 1.
Prove that suh a family of potentials satises assumptions A1-A4 and write down the
onditions on Ap, Bp, that ensure superstability of interation.
Veriation of assumptions A1-A3 is obvious. Let us analyze the last assumption A4
for the family of p-body potentials (4.1). Denote the following area, whih will be used in
our future estimates:
QIp(x1) =
{
{x2, . . . , xp} ∈ R
d(p−1) |
∑
1≤i<j≤p
|xi − xj | ≥
(
Ap
Bp
) 1
m(p)−n(p)
}
(4.2)
Using (4.2) we an write
Ip =
∫
(Rd)
p−1
∣∣V −p (x1, . . . , xp)∣∣ dx2 · . . . · dxp = (4.3)
=
∫
QIp(x1)


Bp( ∑
1≤i<j≤p
|xi − xj |
)n(p) − Ap( ∑
1≤i<j≤p
|xi − xj |
)m(p)

 dx2 · . . . · dxp.
Consider the following estimates of sum
∑
1≤i<j≤p
|xi−xj | in (4.1). The minimum of
∑
1≤i<j≤p
|xi−
xj | is reahed, if p− 2 partiles oinide. The maximum of
∑
1≤i<j≤p
|xi − xj | is reahed, if[
p
2
]
partiles are situated at one point and the rest of them are situated at another one:∑
1≤i<j≤p
|xi − xj | ≥ (p− 1) max
1≤i<j≤p
|xi − xj |; (4.4)
∑
1≤i<j≤p
|xi − xj | ≤
(
p−
[p
2
]) [p
2
]
max
1≤i<j≤p
|xi − xj |. (4.5)
Remark 4. In d-dimensional ase the estimate (4.4) is also true, but the seond one (4.5)
requires the following modiation:∑
1≤i<j≤p
|xi − xj | ≤
p(p− 1)
2
max
1≤i<j≤p
|xi − xj |.
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Taking into aount (4.4), (4.5) we an rewrite (4.3) in the following form:
Ip ≤
∫
Q
′
Ip
(x1)

 B
′
p(
max
1≤i<j≤p
|xi − xj|
)n(p) − A
′
p(
max
1≤i<j≤p
|xi − xj |
)m(p)

 dx2 · . . . · dxp, (4.6)
where A
′
p =
Ap
((p−[p2 ])[
p
2 ])
m(p) , B
′
p =
Bp
(p−1)n(p)
,
Q
′
Ip
(x1) =

{x2, . . . , xp} ∈ Rd(p−1) | max1≤i<j≤p|xi − xj| ≥
(
A
′
p
B′p
) 1
m(p)−n(p)

 (4.7)
For deniteness we will assume, that: x1 = 0. There are two types of ongurations:
1) diam({x1, . . . , xp}) = dist(xi; xj), for somexi, xj andxi < x1 < xj ;
2) diam({x1, . . . , xp}) = dist(x1; xj), for somexj
In aordane with these 2 ases we an rewrite (4.6) in the following form:
Ip ≤ A
2
p−1
∫ −(A′p
B
′
p
) 1
m(p)−n(p)
−∞
dx2 ·
∫ +∞
0
(
B
′
p
(xp − x2)n(p)
−
A
′
p
(xp − x2)m(p)
)
dxp×
×
∫ xp
x2
dx3 · · ·
∫ xp
x2
dxp−1+
+ A2p−1
∫ 0
−
(
A
′
p
B
′
p
) 1
m(p)−n(p)
dx2 ·
∫ +∞
x2+
(
A
′
p
B
′
p
) 1
m(p)−n(p)
(
B
′
p
(xp − x2)n(p)
−
A
′
p
(xp − x2)m(p)
)
dxp×
×
∫ xp
x2
dx3 · · ·
∫ xp
x2
dxp−1+
+ 2(p− 1)
∫ +∞(
A
′
p
B
′
p
) 1
m(p)−n(p)
(
B
′
p
x
n(p)
p
−
A
′
p
x
m(p)
p
)
dxp
∫ xp
0
dx2 · · ·
∫ xp
0
dxp−1. (4.8)
The rst and the seond integrals in (4.8) refer to the ase 1). In (4.8)A2p−1 is a number
of all possible pairs (xi, xj), 1 < i < j ≤ p with respet to their order:
Akn =
n!
(n−k)!
. The third integral in (4.8) refers to the ase 2). In (4.8) 2(p−1) is a number of
xi, 1 < i ≤ p with respet to its right or left position from the origin. Under the ondition
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m(p) > n(p), n(p) > p− 1 all integrals (4.8) onverge and nally:
Ip ≤
(
A
′
p
B′p
) p−1
m(p)−n(p)
(
A2p−1
(
A
′
p
(p− 2−m(p))
(
A
′
p
B
′
p
) m(p)
m(p)−n(p)
−
B
′
p
(p− 2− n(p))
(
A
′
p
B
′
p
) n(p)
m(p)−n(p)
+
+
A
′
p(−1)
p−2−m(p)
(p− 2−m(p))(p− 1−m(p))
−
B
′
p(−1)
p−2−n(p)
(p− 2− n(p))(p− 1− n(p))
)
+
+ 2(p− 1)
(
A
′
p
(p− 1−m(p))
(
A
′
p
B
′
p
) m(p)
m(p)−n(p)
−
B
′
p
(p− 1− n(p))
(
A
′
p
B
′
p
) n(p)
m(p)−n(p)
))
. (4.9)
Consequently, the assumption A4holds. We obtain from (2.25), (4.9) the ondition on
Ap, Bp, that ensures supersable interation:∑
p≥2
pp+1 Ip < +∞, (4.10)
so we an put for example:
n(p) = p, m(p) = p+ 1, Ap =
((
p−
[p
2
]) [p
2
])p+1
, Bp <
p
p−4
2
−ε
2
2p−1
2
, ε > 0. (4.11)
Let us nd an estimate of U (3)(γ). For simpliity: A3 = B3 = 1; m(3) = 12, n(3) = 6.
Then:A
′
3 = 1/2
12, B
′
3 = 1/2
6
. Using (4.9), we obtain: I3 ≤
477
20480
. Taking into aount
Remark 2, we onlude, that: I
1|2
3 (∆)λ
2 → 477
20480
, λ → 0. Now estimate V 33 (∆), where
∆ ∈ ∆λ, V
3
3 (∆) ≥ 0, for any{x1, · · · , xp} ⊂ ∆. It follows from (4.4), (4.5), that:
V pp (∆) ≥
A
′
p(
max
1≤i<j≤p
|xi − xj |
)m(p) − B
′
p(
max
1≤i<j≤p
|xi − xj |
)n(p) . (4.12)
Funtion in the right part of (4.12) ahieves its minimum in the ubi area, if:
max
1≤i<j≤p
|xi−xj | = λ, where λ is a rib of ∆. Using (4.12), we obtain:V
3
3 (∆) ≥
1
4096λ12
− 1
64λ6
.
We have nally from (3.9):
U (3)(γ) ≥
∑
∆∈∆λ,
|γ∆|≥3
|γ∆|
3
(
1
110592λ12
−
1
1728λ6
−
1431
20480λ2
)
−
1431
4096λ2
|γ|.
If λ ≤ 0.29874, then ondition (2.24) of Theorem 2.1 holds.
Now, onsider the general ase d > 1 with B′p > 0 and n(p) > (p− 1)d. It is lear that∣∣V −p (x1, . . . , xp)∣∣ ≤ B′p(
max
1≤i<j≤p
|xi − xj |
)n(p) ,
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Prove that it satises assumption A4.
Proof. Consider suh a ball B(0;R0) with enter in the origin and a radius R0 that
Vp (x1, . . . , xp) ≥ 0 for any p ≥ 2 and put x1 = 0. As in the ase d = 1 onsider 2 ases:
1) diam({x1, . . . , xp}) = dist(xi; xj),
0 ∈ B
(
xi + xj
2
;
|xj − xi|
2
)
, 1 < i ≤ p, 1 < j ≤ p;
2) diam({x1, . . . , xp}) = dist(0; xj), 1 < j ≤ p.
In aordane with these 2 ases one an write the following estimate:∫
(Rd)
p−1
∣∣V −p (0, x2, . . . , xj)∣∣ dx2 · · · dxp ≤ I(1)p + I(2)p ;
I(1)p ≤ B
′
p · C
2
p−1
∫
|x2+xp|
2
≤
|xp−x2|
2
,
|xp−x2|>2R0
dx2 · dxp
|xp − x2|n(p)
× (4.13)
×
∫
|xp+x22 −x3|≤
|xp−x2|
2
dx3 · · ·
∫
|xp+x22 −xp−1|≤
|xp−x2|
2
dxp−1,
I(2)p ≤ B
′
p(p− 1)
∫
|xp|>2R0
dxp
|xp|n(p)
·
∫
|xp2 −x2|≤
|xp|
2
dx2 · · ·
∫
|xp2 −xp−1|≤
|xp|
2
dxp−1. (4.14)
The rst integral I
(1)
p and the seond I
(2)
p refer to ases 1) and 2) respetively. In (4.13)
C2p−1 is a quantity of all possible pairs {xi, xj}, 1 < i < j ≤ p without respet to their
order. In (4.14) p − 1 is a quantity of xj , 1 < j ≤ p. The ase of d-dimensional spae
diers from 1-dimensional in the way, that the order of the "remotest" variables xi, xj is
negleted. Let's take into aount that a volume of d-dimensional ball B(a, R) is:∫
|x−a|≤R
dx =
2pi
d
2Rd
dΓ
(
d
2
) . (4.15)
Using (4.15) one an rewrite (4.13), (4.14) in the following form:
I(1)p ≤ B
′
pC
2
p−1
(
pi
d
2
2d−1dΓ
(
d
2
))p−3 ∫
|x2+xp|
2
≤
|xp−x2|
2
,
|xp−x2|>2R0
dx2 · dxp
|xp − x2|n(p)−(p−3)d
, (4.16)
I(2)p ≤ B
′
p (p− 1)
(
pi
d
2
2d−1dΓ
(
d
2
))p−2 ∫
|xp|>2R0
dxp
|xp|n(p)−(p−2)d
. (4.17)
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In (4.16) we do the following substitution of variables: {x2; xp} → {x2; t}, t = xp − x2.
We obtain:
I(1)p ≤ B
′
pC
2
p−1
(
pi
d
2
2d−1dΓ
(
d
2
))p−3 ∫
|t|>2R0
dt
|t|n(p)−(p−3)d
∫
|x2+
t
2
|≤ |t|
2
dx2 =
= B′p C
2
p−1
(
pi
d
2
2d−1dΓ
(
d
2
))p−2 ∫
|t|>2R0
dt
|t|n(p)−(p−2)d
(4.18)
Using generalized spherial oordinates, we dedue from (4.17) and (4.18) that:
I(1)p ≤ B
′
pC
2
p−12
dd
(
pi
d
2
2d−1dΓ
(
d
2
))p−1 ∫ +∞
2R0
dr
rn(p)+(1−p)d+1
, (4.19)
I(2)p ≤ B
′
p (p− 1)2
dd
(
pi
d
2
2d−1dΓ
(
d
2
))p−1 ∫ +∞
2R0
dr
rn(p)+(1−p)d+1
. (4.20)
If n(p) + (1− p)d > 0 integrals (4.19) and (4.20) onverge and nally:∫
(Rd)
p−1
∣∣V −p (0, x2, . . . , xp)∣∣ dx2 · · ·dxp ≤ B′p d
(
p− 1 + C2p−1
)
2n(p)−pd(n(p) + (1− p)d)R
n(p)+(1−p)d
0
×
×
(
pi
d
2
2d−1dΓ
(
d
2
))p−1 . (4.21)
In this ase ondition on B′p, whih ensures superstability, an be easily obtained in a
similar way as in the example (4.1).

5 Appendix
For arbitrary a1, . . . , aj ∈ R+;m1, . . . , mj ∈ N the following inequality holds:
j∏
i=1
amii ≤
1
m1 + · · ·+mj
j∑
i=1
mi a
m1+···+mj
i . (5.1)
Proof. Let's prove (5.1) in the ase of j = 2.
Let j = 2, m2 = 1 in (5.1). Then the following is true:
am11 a2 ≤
m1
m1 + 1
am1+11 +
1
m1 + 1
am1+12 . (5.2)
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We will prove this fat by indution. If m1 = 1, then inequality (5.2) transforms into
trivial: a1a2 ≤
a21
2
+
a22
2
. We suppose, that (5.2) is true for m1− 1. Taking into aount this
statement, the following range of estimates holds:
am11 a2 = a
m1−1
1 (a1a2) ≤
am1+11
2
+
am1−11 a
2
2
2
≤
am1+11
2
+
a2
2
[
m1 − 1
m1
am11 +
1
m1
am12
]
. (5.3)
From (5.3) we obtain:
m1 + 1
2m1
am11 a2 ≤
1
2
am1+11 +
1
2m1
am1+12 . (5.4)
The estimate (5.2) follows diretly from (5.4). We dedue from (5.2):
am11 a
m2
2 = a
m2−1
2 (a
m1
1 a2) ≤
m1
m1 + 1
am1+11 a
m2−1
2 +
1
m1 + 1
am1+m22 ≤ (5.5)
≤ am2−22
m1
m1 + 1
[
m1 + 1
m1 + 2
am1+21 +
1
m1 + 2
am1+22
]
+
1
m1 + 1
am1+m22 =
=
m1
m1 + 2
am1+21 a
m2−2
2 +
2
m1 + 2
am1+m22 ≤ . . . ≤
m1
m1 +m2
am1+m21 +
m2
m1 +m2
am1+m22 .
The estimate (5.1) is proven for j = 2. Let (5.1) be true for j − 1. Using this, we obtain
the following range of estimates:
j∏
i=1
amii ≤
1
m1 + · · ·+mj−1
j−1∑
i=1
mi a
m1+···+mj−1
i a
mj
j ≤ (5.6)
≤
1
m1 + · · ·+mj−1
j−1∑
i=1
[
mi(m1 + · · ·+mj−1)
m1 + · · ·+mj
a
m1+···+mj
i +
mimj
m1 + · · ·+mj
a
m1+···+mj
j
]
.
One an dedue from the last estimate in (5.6):
j∏
i=1
amii ≤
1
m1 + · · ·+mj
j−1∑
i=1
mi a
m1+···+mj
i + (5.7)
+
mj
(m1 + · · ·+mj−1)(m1 + · · ·+mj)
a
m1+···+mj
j
j−1∑
i=1
mi.
The estimate (5.1) is a onsequene of (5.7). The end of the proof.

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